Abstract. When a prerecorded cross-beam hologram is reconstructed (so-called edge-lit readout) with a uniform plane wave and a point source, the resulting exact solutions reveal Bessel-function-type diffracted beam profiles, which are fundamentally modified under weak propagational diffraction. The case of a profiled beam readout with propagational diffraction may be analyzed using a transfer function approach based on 2-D Laplace transforms. In a second series of investigations, dynamic readout from a cross-beam volume hologram recorded with two orthogonal uniform plane waves is considered for various dependences of the refractive index modulation with intensity. Typically, refractive index profiles that are proportional to the intensity (as in the case of Kerr-type media or photorefractives with predominantly photovoltaic effect) and to the derivative of the intensity (as in diffusion-dominated photorefractives) are considered. Two-dimensional nonlinear coupled equations are developed for the two (Bragg) orders for both cases. 
Introduction
Cross-beam or edge-lit holograms are of considerable current interest due to their potential compactness and inherent optical isolation between the readout beam and the diffracted order resulting from large Bragg angles. 1 Edge-lit holograms have been recorded in photorefractive materials, including lithium niobate crystals, using novel multiplexing techniques. [2] [3] [4] Numerous applications of the edge-lit technique are possible, including holographic optical elements such as diffusers, reflectors, and backscattering plates in display systems, 3-D object displays, and display screens for holographic projectors and video. 5, 6 To achieve flexibility in display devices, edge-lit holograms must be multiplexed for efficient modulation. Owing to the special configurations involved here, which do not conform to conventional holographic multiplexing techniques, novel multiplexing techniques suitable for edge-lit holography have recently been developed. 7 In Sec. 2, we consider reconstruction from edge-lit holograms prerecorded with uniform plane waves. Using paraxial optics and the slowly varying envelope approximation ͑SVEA͒, first-order coupled equations are derived for the diffracted orders in the two mutually orthogonal directions, in the absence of propagational diffraction. Given the orthogonal propagation of the two orders, the resulting coupled equations may be converted into 2-D Laplace transformed equations representing the complex spectra of the scattered orders. For the two special cases of uniform plane wave readout ͑here assumed to correspond to a unit step profile along one of the input planes͒, and a point source ͑or delta-function͒ readout, the resulting diffracted beam profiles are found to be different versions of zeroth and first-order Bessel functions of the first kind. It is rather serendipitous that in these two instances, the derived 2-D Laplace spectra are invertible via straightforward series expansion methods. When the coupled equations are modified to include propagational diffraction in each of the orthogonal directions, the resulting 2-D angular plane wave spectra are found to be expressible as the product of the spectrum of the incident zeroth-order reading profile, and zeroth-and first-order 2-D transfer functions ͑in the manner of linear systems͒, respectively. These transfer functions technically enable one to find the diffracted beam profiles for arbitrary reading beam profiles. A primary difficulty in attempting to solve the spatial diffracted profiles for these 2-D spectral representations is the complexity of performing inverse Laplace transforms of dimensions greater than 1. A simple illustration of the effect of propagational diffraction is provided by considering weak diffraction, where by using appropriate simplifications, the intermediate inverse transform over one of the orthogonal directions yields a 1-D Laplace result that deviates from the corresponding one in the absence of propagational diffraction via polynomial phase terms in the surviving Laplace variable. It is pointed outthat the inverse transformation of 2-D Laplace functions as derived here is rather difficult even under weak diffraction limits, even for uniform plane wave or point source reading beams ͑and considerably more so for arbitrary reading beam profiles͒. Attempting conventional numerical integration ͑simultaneously, or one dimension at a time͒ leads invariably to problems involving singularities of the transfer functions and ͑likely͒ of the incident plane wave spectrum. It turns out, however, that some researchers have recently attempted to find inverse Laplace transforms of multidimensional Laplace functions. 8, 9 The essence of one such technique is briefly discussed. In a follow-up work, results obtained by using such an inversion technique will be presented.
In Sec. 3, governing equations are derived for the selfreadout of a dynamic hologram under 1. intensitydependent refractive index modulation ͑as is true for a Kerr-type material or a photorefractive material with strong photovoltaic effect͒; and 2. intensity gradient-dependent refractive index modulation ͑as in a diffusion-dominated photorefractive medium͒ of the volume holographic material. For the first case, solution of the Helmholtz equation under SVEA and weak propagational diffraction indicates that the intensities of the scalar zeroth-and first-order beams depend only on their respective initial intensities at the input planes. Their phases, however, evolve as combinations of both self-phase ͑i.e., due to the incident intensity of the field itself͒ and cross-phase ͑due to the incident intensity of the orthogonal field͒ modulations. For the second case, application of the index modulation to the Helmholtz equation, on simplification, reduces to two nonlinearly coupled first-order intensity and phase equations. The solutions, subject to initial zeroth-and first-order intensity conditions, are quite involved, and will be pursued later.
Preliminary experimental results for dynamic recording and readout of edge-lit holograms in photorefractive lithium niobate indicate profile distortion under Gaussian beam input conditions. The results, shown in Sec. 4, suggest that the contribution from diffusion in the holographic recording and readout process in the material may not be negligible.
Reconstruction of Prerecorded Thick Holograms for Cross-Beam Geometry
Consider a hologram, as shown in Fig. 1 , which is recorded by interference of two uniform plane waves as
where the grating vector is
and
where k refers to a propagation constant of light in the material, to be made more precise later. Also, the angle of the grating vector is
where r and o are the incident angles of the reference and object waves, respectively. During reconstruction, the total optical field phasor in the volume hologram ͑assumed to have two orders͒ can be expressed as:
where kϭ2ͱ 1 / 2 is the propagation constant of the reconstruction wave. Substituting Eqs. ͑5͒ and ͑6͒ into the Helmholtz equation along with Eqs. ͑1͒ through ͑4͒, we get:
where ⌰ is a dephasing factor, dependent on the angle of the reading beam e0 . Equations ͑7͒ and ͑8͒ represent the coupled wave equations for the two diffracted orders. Suppose we now assume the following recording parameters: 1. the hologram is recorded with r ϭ/2, o ϭ0, which implies Kϭ&k and ϭ3/4; and 2. the hologram is confined between boundary planes specified by zϭ0, z ϭL; xϭ0, xϭL; where we have assumed a square of size L. Likewise, we assume the reading parameters to be those for nominal Bragg incidence, so that k 0x ϭk, k 0z ϭ0, k 1x ϭ0, k 1z ϭk; ⌰ϭ0. Substituting the parameters in Eqs. ͑7͒ and ͑8͒, and assuming only plane wave interaction ͑no propagational diffraction͒ and SVEA, we obtain the following reduced coupled equations:
where ϭk 2 /4 1 . The schematic diagram showing the volume hologram and the reconstruction is shown in Fig. 2 . Note that the previous coupled equations are similar to the standard ideal Bragg scattering equations in acoustooptic diffraction, except that the derivatives on the left hand side ͑LHS͒ are in two ͑orthogonal͒ directions instead of one. Hence, the solutions are also expected to be significantly different, as is shown later.
Case 1: Uniform Plane Wave Readout
Consider the initial conditions for the zeroth and first orders at xϭ0 and zϭ0, respectively:
where u(z) is a unit step in the z direction, and C is a constant.
To solve Eq. ͑9͒, we Laplace transform the coupled equations in 2-D between ͑x,z͒ and (s x ,s z ) to obtain:
where the second terms on the LHS of Eq. ͑10͒ are the 1-D Laplace transforms of the reading initial conditions at the input planes. Using the initial conditions from before, we finally obtain:
The solutions in the spatial domain are found by inverse Laplace transforming the prior expressions. For instance, inverse Laplace transforming the first of the equations in Eq. ͑11͒ with respect to s x , we get
which can be inverse transformed with respect to s z ͑using a power series expansion͒ to give:
In a similar manner, the second of the expressions in Eq. ͑11͒ can be inverse Laplace transformed to give, after some algebra:
Typical solutions ͑normalized to the incident reading wave amplitude͒ are plotted in Fig. 3 at the respective output planes of the hologram.
Case 2: Delta Function or Point Source Readout
For initial conditions
Inverse Laplace transforming with respect to s x gives
It is interesting to note that the inverse Laplace transform with respect to s z will now give a result similar to Eq. ͑12͒ ͑which is the result for the undiffracted order for uniform plane wave readout͒, except with shifted coordinates: Strictly speaking, the analysis in case 2 for a point source should have included the effect͑s͒ of propagational diffraction. Using the same reading parameters as before, but now including propagational diffraction and SVEA, the coupled PDEs become: ‫ץ‬ e0 /‫ץ‬xϭϪ j e1 ϩ
These represent wave coupling under the paraxial approximation. Let us assume initial and/or boundary conditions as
e0 ͑ x,0͒ϭ0, e1 ͑ 0,z ͒ϭ0;
Laplace transforming Eq. ͑16͒ with respect to x and z, using Eq. ͑17͒, and after extensive algebra, we get
where F 0 (s z ) is the Laplace transform of f 0 (z) with respect to z. The previous relations can be reworked for arbitrary initial conditions in Eq. ͑17͒. For weak propagational diffraction, the second of the relations in Eq. ͑18͒ reduces to:
Furthermore, on replacing s x in the cubic term with Ϫ 2 /s z ͑assuming weak propagational diffraction once again, so that in the first approximation the pole in the s x plane is at Ϫ 2 /s z ) and taking the inverse Laplace transform with respect to s x , we get, for the case of a point source readout:
Comparing with the solution in Eq. ͑14͒, which was found neglecting diffraction, namely,
we find additional terms ͓indicated by the term in square brackets in Eq. ͑20͔͒ due to the presence of propagational diffraction. Exact analytical solutions of Eqs. ͑19͒ or ͑20͒ cannot be found; one has to resort to numerical methods to find the inverse Laplace transform. Numerical methods for inverse Laplace transforms have been a topic of recent interest for investigating problems in stochastic modeling and operations research. 8, 9 The solutions can be symbolically written as: where R denotes the ''real part of,'' and I denotes the ''imaginary part of.'' In Eq. ͑21͒, one needs to choose c x Ͼd x , c z Ͼd z , where ⌿ e (s x ,s z ) is analytic for Rs x Ͼd x , Rs z Ͼd z . We plan to pursue this in the future.
Analysis of Dynamic Recording and Readout for 90-Deg Geometry
In this case, the hologram is assumed to be simultaneously recorded and read out in a two-wave mixing geometry, with the interacting waves traveling nominally at 90 deg to each other. The starting point is the Helmholtz equation for the phasor optical field (x,z):
where nϭn 0 ϩ⌬n is the overall refractive index, with ⌬n representing the induced refractive index, and k now denotes the propagation constant in vacuum. Assuming small modulation, Eq. ͑22͒ can be restated as ‫ץ‬ 2
It can be shown that the change in refractive index can be expressed as
for the case of a Kerr-type material or a photorefractive material such as LiNbO 3 , where the photovoltaic effect dominates, and we have assumed that the intensity interference pattern is smaller than the dark current and/or the background intensity. 10 On the other hand, in the case where diffusion is the dominant mechanism for charge transfer in a photorefractive material, the change in the refractive index is proportional to the gradient of the intensity 11 and can be expressed as:
where C is a constant that depends on the dark current and any background illumination on the material. Note also that the right hand side ͑RHS͒ of Eq. ͑25͒ represents an estimate of the electrostatic field, which is related to the induced refractive index through the index ellipsoid. In our analysis, we have assumed that ⌬n is an effective change in the refractive index, which depends on the x and z derivatives of the overall intensity. In the case where the contribution of the intensity interference pattern is smaller than that of the dark current and/or the background intensity, i.e., C ӷ͉͉ 2 , Eq. ͑25͒ can be simplified to yield:
where we have absorbed an additional constant in the n 2 s.
Case 1: Wave Coupling in Kerr or Photovoltaic Materials
Assume the total scalar optical field is expressible in the form
After extensive algebra on using Eq. ͑24͒ in Eq. ͑23͒, and equating the coefficients of expϪjn 0 kx, expϪjn 0 kz separately to zero, we get, respectively,
Now, similar to the SVEA used in propagation problems, we can neglect the second derivative with respect to x as compared to the term involving the first derivative in x in Eq. ͑28͒. Strictly speaking, the second term on the LHS of Eq. ͑28͒ represents the propagational diffraction of the beam as it propagates along x; however, we assume that the initial beam size is large enough so that the Rayleigh range of the beam is much larger than the interaction length in the crystal; hence, this diffraction term may be neglected. With these assumptions, Eq. ͑28͒ reduces to:
Similarly, Eq. ͑29͒ reduces to:
Equations ͑30͒ and ͑31͒ can be solved for the amplitude and phase of the interacting waves in the following way. Note that by multiplying Eq. ͑30͒ by e0 * we get:
Now, taking the complex conjugate of this equation and adding the two equations, we get
which implies:
where f 0 2 (z) is an integration constant and equal to the initial intensity profile of the field e0 . In a similar manner it can be shown that
where f 1 2 (x) is the initial intensity profile of the field e1 . To solve for the phases, we assume
and substitute in Eqs. ͑30͒ and ͑31͒ to obtain the pair of differential equations
Equation ͑35͒ suggests that the accumulated phase for e0 during travel by a distance x through the interaction region has a part due to self-phase modulation, which is dependent on the transverse dimension z, and a part due to cross-phase modulation, which is dependent on the longitudinal dimension x. Similar arguments can be made for the accumulated phase of e1 . Accordingly, any change in the profile of the far-field intensity distribution of e0 ͑which is proportional to the spatial Fourier transform with respect to z of the exit profile at the end of the interaction region͒ is expected to be only due to the initial beam profile of e0 itself, and is not affected by the initial beam profile of e1 , since the latter is a function of x. A similar argument can be advanced for the far-field intensity distribution of e1 after passage through the interaction region.
Case 2: Wave Coupling in Diffusion-Dominated Materials
In this case, the coupled equations can be shown to be of the form
where ␥ is a beam coupling coefficient, related to the n 2 s in Eq. ͑26͒. We can assume e0 , e1 to be real, and rewrite the previous set of coupled equations in terms of the intensities I 0 ,I 1 in the form
The solution of this set of equations, subject to the initial conditions I 0 (xϭ0,z), I 1 (x,zϭ0) is involved, and will be pursued in the future.
Preliminary Experimental Results
We have made experiments with edge-lit holographic recording in a 1-cm 3 crystal of Fe-doped LiNbO 3 , using a He-Ne laser ͑wavelength 632 nm͒. Two unexpanded nearGaussian beams from a low-power ͑15 mW͒ He-Ne laser are made to intersect in the crystal at 90 deg, as shown in Fig. 4 . All laser beams are polarized out of the plane of the paper, to avoid large nonlinear holographic scattering. The C axis of the crystal is in the plane of the paper and along the direction of propagation of one of the beams ͑see Fig.  4͒ . Transverse intensity profiles of the two intersecting beams are measured by a beam profiler. The goal of this experiment is to check qualitatively the theoretical predictions about spatial redistributions of beam intensity after diffraction by holographic gratings, recorded in a 90-deg geometry. Figure 5͑a͒ shows the intensity profile for one of the input beams. This distribution is close to a Gaussian distribution, as expected. In Fig. 5͑b͒ we demonstrate the intensity profile of one of the transmitted beams ͑traveling along the C axis͒ after grating recording. Figure 5͑c͒ shows intensity of the other beam profile ͑that is normal to the C axis͒, after grating recording. We can see substantial spatial modulation, induced by the recorded holographic grating. This leads us to believe that contribution from diffusion leading to energy exchange in LiNbO 3 may not be negligible, since the photovoltaic contribution by itself ͑as modeled͒ should not cause beam profile distortion, as predicted from our previous theoretical model. Furthermore, large modulation effects can also affect the dependence of the refractive index on the intensity profile, as predicted by Kukhtarev et al. 11 The observed random distortions in the experimental results ͑see Fig. 5͒ can be better analyzed only if we introduce noise terms into the interaction equations. At this preliminary stage of investigation, these terms were omitted, and they will be considered in the future.
Discussions
We investigate some aspects of holographic recording and reconstruction for edge-lit holograms. Beam shaping in the case of plane wave readout from a previously recorded planar hologram is predicted. It is also shown that in a simultaneous recording-readout configuration, Kerr-type materials ͑or photorefractive materials with predominantly photovoltaic effect͒ should not alter the transverse shape of the beam profiles. However, there is a strong possibility that beam shape distortion will occur in a diffusiondominated photorefractive material. This is also observed in our experimental results of volume holographic recording and reconstruction using a Fe-doped LiNbO 3 crystal, suggesting that diffusion effects may not be negligible. Cases of recording and readout that incorporate propagational diffraction have been modeled, and will be solved using a 2-D Laplace transform approach in the near future.
